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Nomenclature

�C� = damping matrix
fFg = external aerodynamic force vector
ff���g = restoring force vector due to structural nonlinear

factor
�GC� = generalized damping matrix
�GM� = generalized mass matrix
�GR� = generalized restoring force vector defined as

��b�T �K���b�fqg � ��b�Tff���g
�K� = linear stiffness matrix
K� = linear stiffness at the freeplay node
M = Mach number
�M� = mass matrix
fQg = generalized external aerodynamic force vector
fqg = generalized displacement vector
fR�u�g = restoring force vector including structural

nonlinearities
S = wing area
s = freeplay angle at the freeplay node
U = freestream air velocity
fug = displacement vector
� = pitch angle at the freeplay node
�L = LCO amplitude of the pitch angle at the freeplay node
�0 = initial pitch angle at the freeplay node
�Cp = pressure coefficient difference between the upper and

the lower surfaces
� = freestream air density
��b� = modal matrix

I. Introduction

D URING the past several decades, most aeroelastic inves-
tigations have been carried out under the assumption of

linearity in aerodynamics and structures. However, a real air vehicle
has structural nonlinearities such as freeplay, friction, and hysteresis.
It also has aerodynamic nonlinearities caused by shock waves in the
transonic region. In practice, these nonlinearities lead the limit cycle
oscillation (LCO) and the transonic dip of air vehicle structures.

In particular, freeplay, one of the concentrated structural non-
linearities, is inevitable for control wings due to normal wear of
components and manufacturing mismatches. It has been reported
that the vibration of some aircraft in flight is closely related with
freeplay [1]. According to the JSSG-2006 [2], the U.S. Department
ofDefense guidebook for air vehicle structural design, the freeplay of
control surfaces should be limited for aeroelastic characteristics. The
guidebook recommends the tightest freeplay for all-movable control
wings, that is, less than 0.034 (peak to peak). As this guidance is very
difficult to meet in practice, freeplay for all-movable control wings
beyond the recommended limit is often justified based on test
experience, such as flutter model tests, flight tests, etc., and to some
extent on analyses.

Some aeroelastic analyses with freeplay have been performed in
the past. Laurenson and Trn [3] used the describing function method
to investigate the aeroelastic responses of a missile control surface
with freeplay and showed that LCOs could be obtained at velocities
below the linear flutter boundary. Kim and Lee [4] studied a 2-D
flexible airfoil with freeplay, where the airfoil was modeled using
beam elements. Bae and Lee [5] investigated the nonlinear
aeroelastic characteristics of a wing with freeplay using frequency
and time domain analyses. The frequency domain analyses were
carried out by the describing function and the v-g methods. The time
domain analyses were accomplished by time integration of the
unsteady aerodynamic forces approximated by a rational function.
However, most of these studies are restricted to a 2-D airfoil model
and/or subsonic region. For aerodynamic nonlinearity, Kim and Lee
[6] performed an aerodynamic analysis of a wing in the transonic
region using the transonic small disturbance (TSD) code, which was
also applied in the study. Kousen and Bendiksen [7] studied
aeroelastic characteristics of 2-D airfoil models in the transonic
region using the Euler equation and showed that LCOs could occur in
the transonic region due to nonlinear aerodynamic forces induced by
shock. They later extended the analysis to freeplay nonlinearity and
showed the flutter velocity drops [8]. Kholodar and Dowell [9]
carried out studies on the angle-of-attack effects of a 3-degree-of-
freedom airfoil model with freeplay in the flap rotation. A vortex
lattice aerodynamic model and a reduced order aerodynamic
technique were used to calculate unsteady aerodynamic forces in a
low subsonic region. The LCO and chaotic motion occurred over a
wide range of velocities for small angles of attack, and the responses
converged to a static equilibrium state as the angle of attack
increased.

In this study, an efficient aeroelastic analysis method that can deal
with aerodynamic nonlinearity due to transonic shock waves and
structural nonlinearity due to freeplay is presented. The fictitious
mass method is used to apply a modal approach to nonlinear
structural models. The TSD equation is used to calculate unsteady
aerodynamic forces in the transonic region. Nonlinear aeroelastic
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responses are computed by the coupled time integration method in
the time domain. Finally, for an all-movable wing with freeplay, the
nonlinear aeroelastic responses in a transonic Mach number were
compared with those in a subsonic Mach number at various freeplay
angles and initial disturbances.

II. Equations of Motion and Computational Method

The equation of motion of an aeroelastic system with structural
nonlinearities can be written as

�M�f �ug � �C�f _ug � fR�u�g � fF�t; u; _u�g (1)

The structural nonlinear restoring force vector fR�u�g can be
written as

fR�u�g � �K�fug � ff���g (2)

The restoring force vector due to structural nonlinear factors
ff���g is given as

f��� �

8><
>:
K��� � s�; � > s
0; �s � � � s
K���� s�; � < �s

(3)

Generally, the aeroelastic analysis is conducted by using a mode
approach method with a limited number of low frequency modes to
reduce computational effort. In general the normal mode approach
cannot be used directly due to stiffness variation with the
displacement for air vehicle wings with freeplay. To overcome this
difficulty, Karpel [10] proposed the fictitious mass method. Lee and
Kim [11] describe the application of the FM method to a 3-D wing
with freeplay. After the modal matrix ��b� is obtained from the
fictitious mass model, the displacement vector can be expressed as

fu�t�g � ��b�fq�t�g (4)

Transformation of Eq. (1) into the modal coordinate system gives

�GM�f �qg � �GC�f _qg � fGR�u�g � fQ�t; q; _q�g (5)

fQg can be obtained from summation of the pressure distribution
on the wing surfaces, which is obtained from the TSD equation

fQg � ��b�T
1

2
�U2

ZZ
S

�Cp dS (6)

�Cp is computed from an aerodynamic analysis at each time step.
The theory and application method of the TSD equation are
described in detail in [6,12]. For the numerical time integration, the
fifth order Runge–Kutta algorithm is used after transformation of the
aeroelastic equation of motion for the generalized modal coordinate
system into the second order state equation.

III. Results and Discussion

As a computational example, an all-movable control wing model
with freeplay about its hinge axis is considered in the present study.
The wing model has a root chord of 0.156 m, aspect ratio of 2.564,
taper ratio of 0.5, and sweptback angle of 27.47 deg. The structural
thickness of the wing is 2 mm and the linear stiffness K� is
100 Nm=rad. For the wing section, 4% biconvex airfoil is used.

When the flow velocity increases to transonic, aerodynamic
nonlinearities are important and they can have a pronounced
influence on the aeroelastic characteristics. In this study, the
aerodynamic nonlinearities induced by the shock waves in the
transonic region are considered. Figure 1 shows the chordwise
differential (lower surface minus upper) pressure coefficient
distributions at themidspan for theMach numbers 0.5, 0.85, 0.9, for a
modelwith an initial angle of attack of 2 deg before thewing has been

deformed by an angle of attack. The differential pressure distribution
changes slightly as the Mach number increases in the subsonic
region. At M� 0:9, a weak shock appears on the upper and lower
surfaces of the control wing with a 0 deg angle of attack, whereas
with an angle of attack, the lower surface shock disappears while the
upper surface shock moves to the trailing edge. The shock waves
located on the upper and lower wing surfaces move periodically with
the oscillatory wing motion. Their motions are the predominant
factor in the anomalies observed when theMach number approaches
unity.

Figure 2 shows the LCO amplitude ratio against velocity at
Mach 0.5 when the freeplay angle s is 0.1 deg and the initial pitch
angle is 0.4 deg. The sea level density is used for the calculation of
dynamic pressures throughout this paper. An initial condition is
given by the initial pitch angle defined as the angular displacement
about the hinge axis with rigid body rotation of the wing. Also, the
initial pitch angle ratio is the ratio of the initial pitch angle (�0) to the
freeplay angle (s), and the LCO amplitude ratio is �L=�2s�, where �L
is the LCO amplitude of the pitch angle about the hinge axis. To
verify the developed aeroelastic analysis system, the results using
TSD aerodynamics were compared with those using the doublet
hybrid method (DHM) in the subsonic region of Mach 0.5. DHM is
an unsteady aerodynamic panel technique; theoretical background
and its application to aeroelastic analyses in time and frequency
domains are described in [5] in detail. The calculated linear flutter
velocities, which are defined as the flutter velocities of the model
with zero freeplay angle, are 130.9 and 125:4 m=s using the TSD
aerodynamics and the DHM, respectively. It is shown in Fig. 2 that
the LCOs have been found over awide range of velocity for thewing.
The calculated aeroelastic responses of the time domainTSDcase are
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Fig. 1 Distributions of steady pressure coefficient differences at the

midspan station of the undeformed wing.
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Fig. 2 LCO amplitude ratio versus velocity of the model (M � 0:5,
initial pitch angle ratio� 4).
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decayed out and converge to some arbitrary static equilibrium
position at velocities below 90 m=s. As the airflow velocity was
increased past that value, the LCO response appeared and the LCO
amplitude increased exponentially and diverged at the linear flutter
velocity. Both the TSD and the DHM methods estimated the onset
velocities of the LCO and their amplitude trends close to each other,
considering the difference in the linear flutter velocities obtained by
the two methods.

Figure 3 shows the parameter maps for various initial pitch angle
ratios at Mach 0.5 and 0.9. The analyses were carried out at 0.05,
0.2, 0.4, 0.8, and 1.6 deg initial pitch angles when the freeplay angle
was fixed at 0.1 deg. The nonlinear flutter velocity almost agreed
with the linear flutter velocity for both Mach numbers and was
steady regardless of the initial pitch angle ratio variation. The LCOs
were also generated over a wide range of velocity below the
nonlinear flutter velocity. In the case of Mach 0.5, the onset velocity
of the LCO decreased as the initial pitch angle ratio increased. Thus,
the velocity range in which the LCO could occur was widened. For
Mach 0.9, however, when the initial pitch angle ratio was less than
1.0, that is, the initial pitch angle was in the range of freeplay, the
LCO did not occur. Over the initial pitch angle ratio of 1.0, the
range of the LCO onset velocity was radically increased and was
then kept steady as the initial pitch angle ratio increased. Compared
with the case of Mach 0.5, it was found that the LCO onset velocity
range was narrower and was affected less by the initial disturbance
at Mach 0.9.

The LCO amplitude versus velocities with the freeplay angles for
Mach 0.5 and 0.9 are shown in Fig. 4. The analyses were
accomplished at freeplay angles of 0.1, 0.4, and 0.8 deg with the
initial pitch angle fixed at 1.6 deg. As the size of freeplay increased,
the LCO amplitude increased and the nonlinear flutter velocity
decreased below the linear flutter velocity at both Mach 0.5 and 0.9.

The LCOs were also found in a wide range of velocity below the
nonlinear flutter velocity. In the case of Mach 0.5, the LCO onset
velocity increased with the size of freeplay. Thus, the velocity range
for LCO occurrence decreased. At Mach 0.9, however, the LCO
onset velocity was independent of the size of freeplay.

IV. Conclusions

In this study an efficient aeroelastic analysis method was
developed to deal with the aerodynamic nonlinearity caused by
shock waves in the transonic region and the structural nonlinearity
caused by freeplay. This method was then applied to a 3-D all-
movable control wing to investigate its nonlinear aeroelastic
responses. The effects of the initial disturbance decreased in the
transonic region compared with those in the subsonic region. As the
size of the freeplay angle increased, the LCO amplitude increased
and the nonlinear flutter velocity decreased in both the subsonic and
transonic regions, which indicates degradation of the aeroelastic
characteristics.
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